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Abstract The mathematical  descrip- 
tion of the kinetics of spherulitic 
patterns formation during isothermal 
and nonisothermal crystallization in 
samples of finite thickness, strips and 
plates, is based on the assumption 
of the momentary randomness of 
primary nucleation. The time distri- 
butions of the formation of the 
spherulite interiors as well as the time 
dependence of the conversion degree 
of a melt into spherulites are derived 
for time dependent pr imary nucle- 
ation rate and spherulite growth rate. 
The spherulitic final pattern is 
described by means of the distribu- 

tions of distances from spherulite 
centers to spherulite internal points. 
The influence of the nucleation of 
sample boundaries on the kinetics of 
crystallization and on the final 
spherulitic structure is also 
determined. In all dependencies 
derived the components  resulting 
from both nucleation processes - at 
sample boundaries and inside 
a sample - are distinguished. 
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Introduction 

The first at tempts to describe the formation of structure 
of crystalline domains growing from random nuclei 
were focussed on the kinetics of that process, i.e., on the 
description of conversion of melt into domains [1-3].  
Kolmogorof f  and Evans calculated the probability that 
an arbitrarily chosen points remain unoccluded by spheres 
or circles expanding from nuclei distributed randomly in 
the sample. Avrami introduced the concept of the so-called 
"extended volume", E, the total volume of all domains 
growing from all nuclei including "phantom" domains 
expanding from nucleation events in the already crystal- 
lized area and neglecting the truncation. Thus, the conver- 
sion degree at a certain time is expressed by the well 
known equation: 

c~(t) = 1 -- exp [ -  E(t)] , (1) 

where E denotes the "extended volume" or "expectancy".  
All three approaches  are equivalent and based on the same 
assumption: only the first expanding spheres or circles 
arriving at a sample point are real still growing domains; 
"phan toms"  and domains excluded from further growth 
due to t runcat ion with neighbors are always delayed. The 
Evans approach  was also applied by Billon et al. [4] to 
obtain the expectancy for time dependent nucleat ion rate 
and earlier by Ozawa [5] for the problem of the temper-  
ature dependent  nucleation and growth rate with addi- 
tional assumption that the temperature changes linearly 
with time. However ,  the expressions for E(t) for infinite 
samples and the same nucleation and growth rate time 
dependencies derived according to either Avrami or Evans 
approaches a l though having apparent  different mathemat-  
ical forms, are equivalent. This can be proved  by per- 
forming simple integration by parts of the respective 
expressions in refs. [4, 5]. 
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While the results of computer  simulation of spherulitic 
crystallization [6, 7] were in very good agreement with the 
Avrami theory, many authors  pointed out  the reasons of 
discrepancies between the theoretically predicted value of 
the Avrami exponent  and the experimental  data [6 11]. 

Avrami elaborated also a general approach to the 
problem of conversion of melt into spherulites [3] indicat- 
ing that the "extended" volume E(t, A) around a certain 
point  of a sample, A, is equivalent to the average number 
of extended domains which occluded the point A, hence: it 
is the integral of nucleation rate, F, depending on time 

and position in a sample, over time and over the so-called 
"region of influence of A": 

o o  

(2) 

where r, 0, q~ are spherical coordinates  originating at A, t' 
denotes the nucleation time for the domain nucleated at 
the position (r, 0, q~) and reaching the point A exactly at 
t ime t. Time t' must be found from the differential equation 
dp = --G(T,r,O,~p)dv fulfilling the conditions: z = t at 
p = 0 and ~ = t' at p = r, where G denotes the growth rate 
of domains dependent  on time and position. R(O,q),t) 
denotes the radius at time t of the domain nucleated at 
t ime t' = 0 at 0, q9 and reaching the point  A at time t: R = r 
for t' = 0. Although Eq. (2) permits to describe the kinetics 
of crystallization in complicated conditions, e.g. in the 
presence of temperature gradients no such applications of 
that  formula were demonstra ted so far. 

Piorkowska and Galeski [12, 13] and Piorkowska 
[14-16]  have developed a method  which enables one to 
evaluate not only the conversion degree of melt into do- 
mains but also to describe the domain  structure during the 
format ion process and the final pat tern of spherulitic 
structure. The method is based on the concept  of nuclea- 
t ion attempts as random events in space and time. It was 
demonstra ted that the method could be applied to the 
description of both isothermal and nonisothermal  pro- 
cesses. The way of calculating the conversion degree for 
any dependence of nucleation rate and spherulite growth 
rate on time and position was shown in ref. [12], leading of 
course to Eq. (2). It was suggested that the assumption of 
zero nucleation rate beyond boundaries  of the material 
directly leads to dependencies for confined volumes. The 
expressions for the dependence of the conversion degree 
on time derived for the nucleation rate and spherulite 
growth rate dependent  on time only E12-14] lead to those 
obtained earlier [1 -4 ] .  However,  the approach presented 
in refs. E12-16], unlike any other,  allows to describe not 
only the conversion of melt into spherulites but also the 
evolution of spherulites interiors and boundaries and to 
characterize the final spherulitic structure. The assumption 

of randomness of nucleation process also in time is very 
realistic since new nuclei do not appear  at uniformly equal 
time intervals. However,  it was shown by the author  E14] 
that the expectancies of the process calculated with as- 
sumptions of unfluctuated and fluctuated nucleation rate 
are the same. Hence, in calculations of the conversion 
degree it leads to the same results as Avrami or Evans 
approaches. It is expected that similar results can be ob- 
tained for the description of the spherulitic structure but 
no significant advance was achieved so far [17-]. 

The presence of sample boundaries as well as the 
nucleation on sample surfaces influence the development 
of spherulitic structure and thus, polymer properties. The 
effects of finite size and surface nucleation become critical 
for industrial processes and laboratory  measurements (e.g., 
DSC) where the portions of a polymer  bounded by foreign 
surfaces are crystallized. 

Billon et al. [14] and Escleine et al. [18] derived the 
dependence of conversion degree on the distance from 
a sample surface in a plate bounded by two parallel planes 
for isothermal conditions by calculating the Avrami "ex- 
tended volume" and the Evans "expectancy" for such case. 
They pointed out that the finite sample thickness may also 
cause discrepancies between predictions of Avrami and 
Evans theory for infinite samples and the crystallization of 
real samples (e.g., in DSC). The conversion degree in the 
presence of additional nucleation of spherulites at the 
sample surfaces was also evaluated. Billon and Haudin 
[19,20] presented also a generalization of Evans ap- 
proach, which makes possible to introduce any position 
and time dependence of nucleation rate and time depend- 
ence of spherulite growth rate. The general equation from 
ref. [20] is equivalent to Eq. (2) except for the fact that the 
growth rate G does not  depend on position, hence t' 
and R are defined by the relations: r=Stt, G(s)ds, 
R(t) = St o G(s)ds. Then, the conversion degree in a plate 
during nonisothermal crystallization was calculated by 
representation of nucleation rate position dependence by 
a Fourier  series periodic function [20]. The appropriate 
setting of the function's parameters  permits to establish the 
nonzero nuleation inside a plate, zero nucleation beyond 
plate surfaces and to avoid the effects of "parasitic" nuclei 
introduced by other periods of the function. The numerical 
calculation have shown that the presence of boundaries 
slows down the conversion of melt into spherulites, which 
can lead to incorrect determinat ion of crystallization ki- 
netics parameters if the data  are fitted with Ozawa's equa- 
tion [5]. It was demonstra ted that during cooling the 
crystallization of polymer at lower temperature could be 
expected. The nucleation process on sample surfaces was 
approximated by an additional nucleation process occur- 
ring in narrow zones of polymer near the plate's surfaces, 
characterized by means of supplementary Fourier series 
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functions [21]. The flat transcrystalline zone growing from 
a plate surface was also considered. The presented ap- 
proach allowed to explain the peculiar shape of DSC 
exotherms recorded during nonisothermal crystallization 
of polyamide 6-6, with transcrystalline zones growing from 
sample surfaces. It was concluded, that the beginning of 
the curve is representative for transcrystallization while 
the main peak is more sensitive to bulk crystallization. 
Alternative approach to polymer nonisothermal crystalli- 
zation in a plate being the direct extension of the theory 
presented in ref. [4] was also proposed by Piorkowska and 
Galeski [22]. 

Recently, the crystallization of a polymer matrix with 
embedded fibers was investigated by means of a computer  
simulation [23-25]  and also experimentally [26]. It was 
pointed out that a strong pr imary nucleation on surfaces 
of fibers afflicts the kinetics of crystallization. It should be 
mentioned here that  the two-dimensional sample with 
embedded fibers resembles a sandwich of strips bounded 
by parallel lines. 

Until now all efforts undertaken for the analytical 
description of crystallization in bounded samples were 
limited to the conversion of melt into spherulites. Al- 
though the importance of nucleation at sample boundaries 
was emphasized the determinat ion of the conversion de- 
gree contributions of spherulites nucleated at sample sur- 
faces and in polymer  volume is possible only if intense 
nucleation process on surfaces results in relatively flat 
transcrystalline zone, undisturbed by spherulites nucleated 
in polymer interior. 

Below, the rigorous description of the kinetics of 
spherulitic pattern formation in the vicinity of sample 
boundaries during crystallization at nonisothermal as well 
as at isothermal condit ions will be presented based on the 
concept of nucleation as a random process in space and 
time previously employed by the author  for infinite sam- 
ples [12--16]. The time dependent  primary nucleation rate 
inside the sample and zero nucleation rate beyond sample 
boundaries will be directly assumed. The influence of nu- 
cleation by surfaces of the sample on the spherulitic struc- 
ture formation will be also evaluated. The nucleation at 
sample boundaries will be described as the process occur- 
ring exactly at surfaces or lines limiting a polymer. This 
permits to account  correctly for the impingement between 
the spherulites growing from nuclei at sample boundaries 
(even small displacement of spherulites centers would re- 
sult in premature t runcat ion of spherulites which were left 
behind). In order  to characterize the final spherulitic pat- 
tern the dependencies describing average spherulite radii 
and distributions of distances from spherulites centers to 
spherulites inner points will be derived. In all dependencies 
derived in the paper  the two components  characterizing 
both spherulites populations,  nucleated inside the polymer 

and at sample boundaries will be distinguished indepen- 
dently of the intensity of nucleation at material surfaces. 

Background of the derivations 

The probabilistic approach employed here was previously 
explained in detail in refs. [14-16] .  Hence, only the most  
impor tant  points, necessary for further considerat ions will 
be briefly recalled. 

1. The considerations that  follow are based on the 
assumption that spherulite nucleation can be described as 
a set of random attempts occurring in space and in time. 
Each nucleation at tempt creates an expanding circle on 
a plane or sphere in space but  only that a t tempt  which 
occurs in uncrystallized por t ion  of a sample nucleates 
a real spherulite. The momenta ry  nucleation rate, F( t ) ,  

denotes the average number  of nucleation at tempts  per 
unit time per unit volume and also the number  of 
spherulite centers nucleated per unit time per unit volume 
of uncrystallized material. 

2. At any chosen point of a sample only the first 
arriving circle or sphere is considered. This permits to 
exclude from consideration the nucleation at tempts occur- 
ring in the crystallized fraction of a sample ("phantoms").  
Also the real spherulites impeded by others due to trunc- 
ation will arrive later to the chosen point. 

3. Nonisothermal  crystallization conditions are ac- 
complished by setting the growth rate, G and momen ta ry  
nucleation rate, F, dependent  on time. Isothermal crystalli- 
zation is then a particular process with G = const. 

4. The expanding circle or sphere nucleated at time 
z arises at the point A at a distance r from its nucleation 
site at time t: 

r(r, t) = i G ( s ) d s  . (3) 

Equat ion (3) defines a circle on a plane or a sphere in space 
a round the point  A. For  the time interval (0, t), Eq. (3) 
comprises a curvilinear cone in space and time a round  
a point  A having the impor tant  property (see Fig. 1 for 
a plane and time): if n nucleation attempts occur on the 
surface of that cone then the point  A will be occluded at 
time t simultaneously by n circles (or spheres). If no nuclea- 
t ion at tempt occurs inside the cone those circles or spheres 
will arrive first at point  A. Hence, they will represent real 
spherulites and the point  A will constitute the spherulite 
interior (n = 1) or boundary  (n > 1). For  n = 0 the point  
remains unoccluded at time t. 

5. The probabil i ty of that  event, po(t), is the probabil-  
ity that no nucleation a t tempt  occurred in successive time 
intervals (vi, ri § dry) until time t inside the space- t ime 
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Fig. 1 The cone in a plane - time continuum. The point A denotes 
the arbitrarily chosen point, r(r, t) is the radius of the cone at time r, 
V(r, t)dr and A V(v, t)dr are the volume fractions of the cone corres- 
ponding to the time interval (r, v + dr) and the volume of the annulus 
of radius r(r, t), respectively 

cone a round  the point  A defined by Eq. (3) [14]: 

po(t) = e x p [ - -  E(t)] , (4) 

where E(t) is the integral of F(r)  over the total  volume of 
the conical zone in space and time: 

g( t )  = i F(r) V(r, t ) d r ,  (5) 
o 

where V ( r , t ) d r  is the volume of that  par t  of  the 
space- t ime cone which corresponds  to the time interval 
(7, r + dr) (as shown in Fig. 1). Fo r  infinite samples: 

V(2)(r, t ) d r  - g r Z ( z ,  t ) d r  (6a) 

V(3)(r, t ) d r  ~ (4/3) ~r3(r ,  t ) d r  (6b) 

The numbers  in parentheses denote the dimensionality.  
6. The probabi l i ty  that  the arbitrari ly chosen point 

A is occluded at t ime t (precisely in t ime interval (t, t + dt)) 
by one spherulite nucleated at t ime ~ (precisely in time 
interval ( r , r  + dr)), pl(r ,  t), is equivalent to the prob-  
ability that  one nucleation a t tempt  occurs at certain 
t ime z within the thin annulus or spherical shell of radius 
r(r, t) and no other  nucleation a t tempts  occur inside the 

space-t ime cone [12, 14]: 

Pl (7, t) = e x p [ -  E(t)] F(r)A V(r, t ) d r ,  (7) 

where AV(r ,  t )dr  is the volume of the annulus (Fig. 1) (or 
spherical shell) of radius r(r, t) multiplied by dr 

dV(~, t) 
AV(r, t) - - -  d r ,  (8) 

dr(r, t) 

where 

dr = G(t) dt. (9) 

Below, the time dependence for the conversion degree, 
the time distributions of the formation of the inner 
spherulite points and  the distributions of distances f rom 
spherulite centers to their internal points after complet ion 
of crystallization will be derived for samples of finite thick- 
ness: a strip and a plate. 

Samples bounded by two parallel lines or planes 

Let us consider two regions D 1 and D 2 in a sample of 
infinite volume. A m o m e n t a r y  nucleation rate within D~ 
and D 2 is different and  equal to F1 and F2, respectively. In 
order to calculate the probabi l i ty  that n nucleation at- 
tempts occur within the D~ + D 2 w e  have to summarize  all 
probabilities that k events occur  in D1 and n - k events 
occur in D 2. Finally we obtain: 

p, = exp(--  FID1 -- F2D2)(F1D1 + F2D2)' /n!  . (10) 

For  samples of finite thickness one has to take into 
account that there is no nucleation beyond sample bound-  
aries and that at those boundar ies  an additional nuclea- 
tion process can occur. Therefore, the summat ion  rule 
described by Eq. (10) will be applied in further consider- 
ations. It  should be noted  that  Eq. (10) for n = 0 could be 
directly obtained f rom Eq. (2). 

Let us consider a sample  of thickness 2h in x direction 
and infinite in the directions perpendicular to x-axis; 
a strip in two dimensions (2D) or a plate in three dimen- 
sions (3D). The point  A is arbitrari ly chosen at distance 
d~ < h from the first sample  boundary  and at distance 
d 2 = 2h - dl f rom the second boundary  (Fig. 2). No  nu- 
cleation occurs beyond sample  boundaries. Hence, for the 
origin of x-axis at the point  A: 

F(r) > 0 for x > - dl and  x < d2  , (1 la)  

F(z) = 0 for x < -- dl and x > d 2 . ( l l b )  

Usually, samples of finite thickness crystallize between 
foreign surfaces, hence in m a n y  cases the addit ional nu- 
cleation process at sample  boundar ies  occurs. Therefore: 

F ( r ) = F s ( r )  f o r x = - - d l  a n d x = d 2 ,  ( l l c )  
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Fig. 2 The position of the point A within a sample. AS and S are 
parts of the circle and the ring of radius r(r, t) which are beyond the 
sample boundary, L and AL are parts of sample boundary inside the 
circle and the ring of radius r(r. tt 

where Fs denotes the number  of nucleation attempts per 
unit time per unit length of boundary line or area of 
boundary surface. According to Eq. (t0) one has to substi- 
tute the expressions F(r )V(r ,  t) and F ( r ) A V ( r ,  t ) i n  Eqs. 
(5) and (7) with sums of products  of F(r) and Fdr) by 
respective volumes in all cases where the space-time cone 
extends beyond sample boundaries. Hence, Eqs. (5) and (7) 
have now the following form: 

ET(t) = i Vv(r, t ) d r  , 
0 

px,(r,  t) = exp [ - -  Ex(t)] AVx(r,  t ) d r  , 

(12) 

(13) 

where the expressions for Vt(r, t) and A Vt(r, t) will be 
derived below. 

Let us consider the circle of radii r(r, t) and the ring of 
width dr with the center at the distance dl from the sample 
boundary  (Fig. 2). The areas of parts of the circle and ring 
beyond 2D-sample boundary  are expressed as follows: 

S(2)( r, [, dl)  = 7(dl, r(r, t ) ) r2( r ,  t) --  dl [ r2 ( r ,  t) - d2] ~ , 

(14a) 

AS~Z)(r, t, dl) = 27(dl, r(r, t))r(r,  t ) d r ,  (14b) 

where 7(d, r(z, t)) = arctan{[rZ(z, t)/d 2 - 1] ~ . (15) 

For  3D-samples the sphere and the spherical shell have to 
be considered. The volumes of these parts of respective 
sphere and spherical shell which are outside the sample are 
described by the equations: 

S(3~(r, t, dl) = (n/3) [d~ + 2r3(r, t) - 3dir t ( r ,  t)] , (16a) 

AS(3)(r,  t, dl) = 2rcr(~, t) [r(r, t) - da] dr . (16b) 

The length of a sector of a boundary  line inside a circle 
of radius r(r, t) around the point A (as seen in Fig. 2) is 
expressed by the equation: 

L(2)(r, t, dl ) = 2[r2(r,  t) -- d~] ~ . (17a) 

If a sphere instead of a circle is considered, the area of 
a boundary  plane entering a sphere is 

Lt3) ( r ,  t, d l )  -= ~z[r2(r ,  t )  - -  d 2] . (17b) 

The total length of the sectors which are inside a ring of 
radius r(z, t) and width dr, A U  2), and the area of a ring 
inside the spherical shell of radius r(r, t) and of width dr, 
A L  ~3), are expressed by the formulas: 

ALI2)(r, t, dl) = 2r(z, t) [r2(r, t) - d~] -0.s dr , (18a) 

ALI3)(r, t, dl)  = 2for(z, t ) d r  . (18b) 

Hence VT (~, t) and A VT (Z, t) can be expressed in the form: 

Vt(z-, t) = F(r)  IV(r, t) - S('c, t, dl)  -- S(T, t, d2) ] 

+ Fs(r)eL(r,  t, dl)  + L(r,  t, d2)] , (19a) 

A Vt(r, t) = F(r ) [AV( r ,  t) -- AS( t ,  t, d l )  - AS(r,  t, d2)] 

+ F J r ) [ A L ( r ,  t, d~) + AL(z ,  t, d2)] , (19b) 

where S(r, t, d), AS(r,  t, d), L(r,  t, d) and AL(r ,  t, d) have 
nonzero values if r(r, t) > O. 

Kinetics of spheruliUc structure formation 

Below, the expressions for time dependencies of conver- 
sion degree and the rate of the formation of spherulite 
interiors will be derived. 

The conversion degree at time t, in a por t ion of 
a sample at the distances dl and d2 to sample boundaries,  
c~(t, dl, d2), is described by the equation: 

3~(t, dl, d2) = 1 - -  e x p [ -  ET(t, dl, d2)] (20) 

where ET(t, dl, d2) according to Eqs. (12) and (19) can be 
written in the following form: 

ET(t, dl, d2) = E(t) + H(t,  dl)  + H(t ,  d2) (21) 

where the first term, E(t), described by Eqs. (5) and (6), is 
the integral of nucleation rate F(z) over the total  conical 
zone as for infinite samples. The second term, H(t ,  d~), and 
the third term H(t ,  d2) are due to the presence of the 
sample boundaries  at the distances dl and d2, respectively: 

H ( t , d ) = O  for r (0 ,  t ) < d ,  (22a) 

H (t, d) = ~o* [Fs(r)L(r,  t, d) - F(r) S(r, t, d)]dr  

for r(0, t) > d ,  (22b) 

where L and S are expressed by Eqs. (14a), (16a), (17) and 
t* is given by the formula: r(t*, t) = d. 

In order  to obtain the probabili ty that an arbi t rary 
point is occluded by a spherulite at time t equivalent to the 
time distribution of formation of spherulite inner points 
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one has to integrate the probability PT~ (~, t) expressed by 
Eq. (13) over the range 0 < z < t: 

g(t, dl, d2)dt = exp [-- ET(t, dl, d2)] [W(t) 

-I- Wl(t, dl) + W,(t,  d2)] . (23) 

The term W(t) is the integral of F(z) over the entire surface 
layer of the space-time cone as for an infinite sample: 

W(t) = i F(r)A V(r, t ) d r ,  (24) 
0 

where AV is given by Eq. (8). The terms Wl(t,  dl) and 
Wl( t ,  d2) result from the presence of the sample bound- 
aries at the distances dx and d2 from the considered 
point A: 

Wl( t  , d) = Rdt,  d) - n~(t, d ) ,  (25) 

where Ri(t, d) = 0 and Rdt,  d) = 0 for r(0, t) < d, 

t* 

R~(t, d) = ~ F~(z)AL(v, t, d)dz for r(0, t) > d ,  (26a) 
0 

t* 

R~(t, d) = ~ F(z)AS(~, t, d)dz for r(0, t) > d ,  (26b) 
0 

where AL and AS are given by Eqs. (14b), (16b), (18). 
g(t, da, d2) represents the local rate of conversion of 
a sample into spherulites at time t in the portion of a ma- 
terial at the distances da and d2 from sample boundaries. 
According to Eqs. (25) and (26) g(t, dr, dz)dt can be ex- 
pressed as a sum of two components: 

g(t, dl, dz)dt=g~(t ,  dx, d2)dt + gs(t,d~,d2)dt , (27) 

gi(t, dx, d2)dt = e x p [ -  Ex(t, dx, d2)][W(t) 

- Ri(t, dl) - Ri(t, d2)] , (28) 

adt, dl, d2)dt = e x p [ -  ET(t, dl, d2)] 

x [Rs(t, d,) + R~(t, d2)],  (29) 

9i and go express the local rates of formation of interiors of 
spherulites nucleated inside a sample and spherulites nu- 
cleated at sample boundaries, respectively. It should be 
noted that gs(t, dl, d2) assumes nonzero values only if 
r(0, t) > dl. From Eqs. (20) and (23) it follows that 

~(t, dl, d2)  = i g(t', dl, d2) dt' �9 (30) 
0 

Hence, 

~(t, dl, de) = ~i(t, dx, d2) + es(t, dl, d2), (31) 

where the first component  of the conversion degree results 
from the spherulites nucleated inside a sample, while the 
second is related to spherulites nucleated at the sample 

boundaries: 

~i(t, dl, d2) = i g~( t', dx, d2) dr' (32) 
0 

c~s(t, dl, d2) = i grit', dr, d2) dt' (33) 
0 

From the above considerations it is evident that the 
conversion degree and also the rate of conversion of 
a sample into spherulites depend on distances to sample 
boundaries; they are different near sample surfaces and 
deep inside a sample. 

The calculations of the average conversion degree 
within sample as well as the average rate of spherulite 
interiors formation involve integration over the range 
0 < dl < 2h followed by dividing the result by 2h. If 
spherulite growth rate and nucleation rate depend only on 
time we may limit integration to 0 < d~ < h due to sample 
symmetry. The respective expressions will be given below 
for various relations of the sample thickness, 2h, with 
respect to r(0, t): 

- Range 1: h > r(O, t). 

c%(t, 2h) = 1 - h - t  e x p [ -  E(t)] {h - r(0, t) 

r(O,t) 

+ ~ exp[- -  H(t,s)]ds} , (34) 
0 

gi,v(t, 2h)dt = h-  1 e x p [ -  E(t)]{W(t) [h - r(O, t)] 

r( O,t) 

+ ~ e x p [ -  H(t, s)] [W(t) -- Ri(t, s)] ds}, 
0 

(35) 
gsav(t, 2h) d t =  h-1 exp[ - -E( t ) ]  

x exp[--  H(t, s)] R~(t, s)ds . (36) 

- Range 2: 2h > r(0, t) > h. 

(2h--r(O,t) 

~av(t, 2h) = 1 - h - 1  exp [- -- E(t)] ~ ! exp [- -- H(t, s)] ds 

+ ~ e x p [ - H ( t , s ) - H ( t , d - s ) ] d s  , (37) 
2h-r(O,t) 

glav(t, 2h)dt = h -1 e x p [ -  E(t)] 

( 2 h -  r(O,t) 

• ! e x p [ -  mr ,  s)] Ew(t) - ds 

h 

+ j" exp [-- H(t, s) -- H(t, 2h - s)] 
2h-r(O,t) 

• [ W ( t )  - -  R i ( t  , s) - -  R i ( t ,  2 h  - s ) ]  d s ~  , (38) 
) 
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f2h -i(0,/) gs,v(t, 2h)dt = h 1 e x p [ - -  E(t)] e x p [ -  H(t ,  s)] 

h 
x Rs(t, s )d s  + ~ e x p [ -  H(t ,  s) - H( t ,  2h - s)] 

2h--r(0,t) 

x [Rs(t,  s) + Rs(t ,  2h -- s)ds} . (39) 

Range  3: 2h < r(O, t)  

h 

~av(t, 2h) = 1 - h a exp [ -  E(t)] ~ exp [ -  H(t ,  s) 
0 

- -  H ( t ,  2 h  - s)] d s ,  (40) 

h 
gi,v(t, 2h)dt = h l e x p [ _  E(t)] ~ exp[ - -  H(t ,  s) 

0 

- H(t, 2h - s)] [ W ( t )  - Ri( t ,  s) - Ri(t, 2h - s)] d s ,  (41) 

h 
gs,v(t, 2h)dt = h -  1 e x p [ - -  E(t)] ~ e x p [ -  H(t ,  s) 

0 

- H ( t ,  2 h  - s)] [ R s ( t ,  s )  + R s ( t ,  2 h  - s)] d s .  (42) 

It should be noted that for each range of relation between 
h and r(0, t) the following relationships are fulfilled: 

gav(t, 2h) = gi,v(t, 2h) + gsav(t, 2h),  (43) 

t 
cCi,v(t, 2h) = ~ gia~(t', 2h)dr ' ,  (44) 

0 

~sa~(t, 2h) = i gsav (t', 2h )dr ' ,  (45) 
0 

0r , 2h) multiplied by h is the average thickness of a layer 
at time t of spherulites nucleated at sample boundary.  
:q~v(OC,2h) and ~sav(Oo, 2h) represent the fractions of 
sample occupied after completion of crystallization by 
those spherulites which were nucleated inside a sample 
and at sample boundaries,  respectively. 

It follows from Eqs. (34)-(42) that the process of 
spherulitic structure format ion depends not only on the 
nucleation rate and the spherulite growth rate but also on 
the sample thickness. Depending on the relation of value 
of r(0, t) at the end of crystallization and sample thickness, 
2h, one has to consider only the range 1, the ranges 1 and 
2 or all three ranges: 1,2 and 3. It should be noted here that 
for G = const, formulas (34), (37) and (40) describing the 
average conversion degree become identical to those de- 
rived by Billon et al. [4] for isothermal crystallization. N o  
comparable data  are found in the literature for the rela- 
tionships describing the contributions from spherulites 
nucleated at sample boundaries  and inside a sample to the 
conversion degree and to the conversion rate. 

The number  of spherulites, N i dt, nucleated at the dis- 
tances dx and d E from sample boundaries and the average 
number  of spherulites, Niav dr, nucleated in time interval 
(t, t + dt) in unit area (or volume) of the sample are ex- 
pressed as follows: 

Ni( t ,  dl ,  dz)dt = F ( t ) d t [ 1  -- ~(t,  d l ,  d2)] , (46a) 

Ni,v( t ,  2h) dt = F ( t ) d t  [1 - CCav(t, 2h)] . (46b) 

The number  of spherulites nucleated at sample boundar ies  
in time interval (t, t + dt) per unit length or area of bound-  
ary is expressed by the formula: 

N s ( t ) d t  = Fs ( t )d t  [1 -- :~(t, 0, 2h)] . (47) 

To calculate the respective numbers  of spherulites nu- 
cleated during the time interval t, one has to integrate the 
expressions (46)-(47) over the range 0 < t' < t. Fo r  t ~ oo 
the respective numbers  of spherulites after complet ion of 
crystallization are obtained. 

It follows from the above considerations that sample 
boundaries influence the formation of spherulitic s tructure 
within a distance equal to r(0, t). The conversion degree 
time dependence and time dependencies of the format ion 
of spherulite interiors differ from those for infinite samples. 
It follows from Eqs. (34) and (35) that the influence of 
sample boundaries can be neglected only if the sample 
thickness 2h is much greater than 2r(0, t) because then 
~av(t, 2h) and g iav( t ,  2h) approaches ~(t) and g(O for infinite 
samples. If there is no nucleation at sample boundaries  the 
conversion degree in the vicinity of sample boundary  is 
lower than in an infinite sample after the same time elapsed 
from the beginning of crystallization: at the boundary ,  for 
r(0, t ) <  h, the probabil i ty that the point is unoccluded 
equals the square root  of the probabil i ty of the same event 
for infinite sample. For  r(0, t) > 2h the delay in crystalliza- 
tion at sample boundary  is even stronger since the conver-  
sion degree there is influenced also by the opposing 
boundary  surface. In absence of spherulite nucleation at 
boundaries the averaged conversion degree in strips and 
plates is always lower than in infinite samples at the same 
time. Slower conversion of melt into spherulites results 
also in a larger number  of spherulites nucleated inside 
a sample (see Eqs. (46)) if nucleation process is extended in 
time. 

Extended radius 

Similarly, as for infinite samples [151 the substitution: 

z = r ( 0 ,  z) and R = r ( 0 ,  t) (48) 

reduces the expressions for the time dependencies of con- 
version degree and spherulite interiors format ion to 
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simpler forms: 

aN(R, da, d2) = 1 - e x p [ -  EN(R) - HN(R, dl) 

-- HN(R, d2)] , (49) 

gN(R, dl, d2)dR = e x p [ - -  EN(R) -- HN(R, dl) 

- -  HN(R, d2)] [WN(R)+ WN1 (R, dl) + WN~ (R, d2)] ,  (50) 

where 

R 

EN(R) = vrE ~ P(z ) (R  -- z) k dz  (51) 
0 

with v = 1, k = 2 for 2D case and v = ~, k = 3 for 3D case, 

dEN(R) 
W N ( R ) -  - -  dR ; (52) 

dR 

Fo r  R < d: 

HN(R, d) = 0 and WNI(R, d) = 0 ; (53) 

For  R > d: 

.d{ 
H~)(R ,  d) = ! 2 P d z ) [ ( R  - -  Z) 2 - -  d 2 ]  0"5 

-- P(z ) { (R  -- z) 2 7(d,(R - z)) 

-- d [ (R  -- z) 2 -- d2]~ ; (54a) 

R - d  

H~)(R ,  d) = rt ~ {Ps(z)[(R -- z) 2 - d 2] - P ( z ) [2 (R  -- z) 3 
0 

- -  d 3 - -  3d(R - -  z)2]/3} dz ; (54b) 

WNI(R, d) - -  OHN(R, d) d R ,  (55) 
OR 

where 7 is given by Eq. (15), P(z) = FN(z)/GN(Z), Ps(z)=  
FsN(z)/GN(z), F ~ N ( z ) = F d z ) ,  V N ( z ) = F ( z )  and GN(Z)= 
G(e). 

In a similar way one can express also the time distribu- 
tions of the format ion of spherulites interiors separately 
for spherulites nucleated inside a sample and for 
spherulites nucleated at sample boundaries. 

It follows that the local kinetics of spherulites structure 
formation expressed in terms of R(t)  depends on the dis- 
tances from sample boundaries  and on the dependencies 
of the ratios: F(t)/G(t)  a n d  Fs(t)/G(t) on R(t). Averaged 
dependencies across the sample thickness depend on the 
sample thickness instead of the distances from sample 
boundaries. 

Distributions of distances from spherulite centers 
to spherulite inner points 

Equation (13) permits us to derive the expression for the 
probability that the spherulite nucleated at time r occludes 
an arbitrary point A in the distance r from its center: 

pT*(r, "r) = exp [ - -  ET(t(r,  z), dl ,  d2)]A Va-(r, t(r, r))dz , (56) 

where ET and A Vx are given by Eqs. (21) and (19b), t(r, r) 
denotes the time of occlusion of the point A, dependent on 
distance r and on nucleation time of a spherulite z: 

i G(s) ds = r + i G(s)ds . (57) 
0 0 

The integration of pv.(r, z) over the range 0 < z < ov re- 
sults in the distribution of distances from spherulite 
centers to spherulite inner points, f(r,  dl, dz)dr. Substitu- 
tion of Eq. (48) permits to wri tef(r ,  dl, d2)dr in the simpler 
form: 

f ( r ,  dl,  d2)dr = fi(r, dl, d2)dr + f~ (r, dl, d2)dr, (58) 

where 

f ( r ,  dl, dz)dr = [AV*(r )  -- AS*(r, d,)  - AS*(r, d2)] 

co 

x S P ( z ) e x p [ - -  EN(r + z) -- HN(r + z, dl) 
O 

-- HN(r + z, dz)] dz , (59) 

f~(r, dl, d2)dr = [AL*(r,  dl) + AL*(r,  d2) ] 

O9 

x S Ps(z)exp[- -  EN(r + z) -- HN(r + z, dl) 
0 

- H y ( r  + z,  d2) ] d z  , (60) 

AV*(r) ,  AS*(r ,d )  and A L * ( r , d )  are readily obtained 
from A V(z, t), AS(z,  t, d) and AL(z ,  t, d) by substitution 
r(z, t) = r.f(r, dl, d2) dr represents a fraction of a sample in 
the distance (r, r + dr) from spherulites centers. The two 
componentsf~ andf~ describe the distributions of distances 
for spherulites nucleated inside a sample and for 
spherulites nucleated at sample surfaces, respectively. For  
r < d, AS*(r, d) and AL*(r ,  d) are zero, hence for the re- 
spective ranges of r the distributions of distances are ex- 
pressed as follows: 

1. r < dl <d2 :  

f i l(r,  dl, de)dr = AV*(r )B(r ,  dl,  d2) , (61) 

f~l (r, dl, d2)dr = 0 . (62) 
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2. d2>r>dl:  

fi2(r, dl,  d2)dr  = E A V * ( r ) - A S * ( r ,  d l ) ]B(r ,  dl, d2) ,  (63) 

f~2(r, dl, dz )dr  = AL*(r ,  dO C(r, dl, d2) . (64) 

3. r > d 2 > d a :  

f3 ( r ,  dl,  d2)dr 

= [ A V * ( r ) -  AS*(r,  d l ) -  AS*(r,  d2)]B(r, dl, d2) , (65) 

f~3(r, da, d2)dr = [AL*(r ,  dO + AL*(r ,  d2)] C(r, dl, d2), 

where 

B(r, dl, d2) = 

(66) 

• P ( z ) e x p [ - -  EN(r + z) -- HN(r 4- z, dl) 
0 

-- HN(r + z, d2)] dz , (67) 

C(r, dl, d2) = P s ( z ) e x p [ -  Ey(r  + z) -- HN(r + z, dl) 
0 

-- HN(r + z, d2)] dz (68) 

and HN(r + z, d) = 0 for z < d - r. 

In order to calculate the averaged distance distribu- 
tions across the sample thickness one has to integrate 
expressions (61) (66) over the appropr ia te  ranges of dis- 
tances from a sample boundary.  Hence, for r < h: 

h 

f ,v(r, 2h)dr = h 1 [~fl(r ,  s, 2h -- s )ds  
r 

r 

+ yf2(r, s, 2h - s) ds] dr (69) 
0 

- f o r 2 h > r > h ;  

2 h - - r  

fay(r, 2h)dr = h - l [  y f2(r, s, 2h - s )ds  
0 

h 

f3 (r, s, 2h - s)ds] dr (70) 
2 h - - r  

4.  

- f o r  r > 2h:  

h 

f~v(r, 2h)dr = h 1Sf3(r, s, 2h -- s ) d s d r  . (71) 
0 

Equat ions  (69)-(71) are valid for the distance distribution 
f a s  well as for both  its componentsf~ andfs.  It  follows from 
the above relationships that  the spherulitic structure for- 
med in samples of finite thickness is fully determined by 
the ratios of nucleation rates to spherulite growth rate, 
P and Ps, if expressed as a function of R(t), and by the 
distances to sample boundaries.  The averaged distribu- 
tions of distances depend on P and Ps and on the sample 
thickness, 2h. It  should be noted that in all cases 

considered the distributions of distances f rom the 
spherulite centers to their inner points differ f rom respect- 
ive distr ibutions of distances for infinite samples. The  
weakest  influence of sample boundar ies  is in the case when 
r < h and is the strongest  when r > 2h. The distr ibutions of 
distances tend to zero for r --* ~ .  Nevertheless,  the t ime 
t for which convers ion degree approaches  1, sets the upper  
limit equal  to r(0, t) for the distance, r, between centers of  
spherulites and  por t ions  of those spherulites in real sam- 
ples. Hence,  if the sample thickness, 2h, is much  greater  
than 2r(0, t) at the end of crystallization, the distr ibutions 
of distances app roach  those for infinite samples. 

It  should be noted that  the integrat ion o f f i  and f~ over  
the range 0 < r < oo permits to obta in  a fraction of 
a sample  occupied after complet ion of crystall ization by 
spherulites nucleated inside a sample and  by spherulites 
nucleated at sample  boundaries.  

Semiinfinite samples 

In a semiinfinite sample only one sample bou n d a ry  in- 
fluences the format ion  of spherulitic structure. According 
to Eqs. (20) (26) one can express the convers ion degree 
and the rate of  format ion  of spherulite interiors, g, at the 
distance dl f rom a sample boundary,  as follows: 

~(t, dl) = 1 -- e x p [ - -  E(t) -- H(t ,  d l )  ] , (72a) 

g(t, d , )d t  = e x p E -  E(t) - H(t ,  dl)] EW(t) 4. W l ( t ,  dl)] , 

(72b) 

where E, H, W and W 1 a r e  defined by Eqs. (5), (6), (22), 
(24)-(26). H and W1 are zero functions for da > r(0, t). The 
distr ibutions of  distances are in the form: 

o0 

f (r ,  dx)dr = [AV*(r )  -- AS*(r, d,)] ~ P ( z ) e x p [ - -  E y ( r  + z) 
0 

-- HN(r + z, dl)] dz + AL*(r ,  dl) 

ctD 

x S Vs(z )exp[ - -  EN(r + z) -- HN(r + Z, dl)]  dz , (73) 
0 

where: AS*(r,  dx)  = 0 and AL*(r ,  dl) = 0 for r < dl ,  
HN(r + z, dx)  = 0 for r + z < d l  which results in different 
forms o f f ( r ,  d O d r  for r < dx and for r > dl.  The average 
values of ~, g, and f, over  a certain distance f rom a sample 
bounda ry  are obta ined by respective integration.  

Thin samples 

Let us assume that  the sample is so thin that  r(0, t) be- 
comes much  greater  than the sample thickness, 2h = A h, 
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shortly after the beginning of crystallization process: 
r(O,t) >>Ah. Then, the times tl and t2, for which 
r(tl, t) = dl and r(t2, t) = d2, are close to t, so circles and 
spheres of radius r(z, t) turn into strips and disks of 
the thickness Ah. If we denote: F * ( z ) =  F(r)Ah + 2Fs(r), 
the expressions for the conversion degree and the rate 
of formation of spherulite interiors are in the following 
forms: 

o~(t, Ah) = 1 -- exp[- -  E(t, Ah)] , (74) 

9(t, Ah)dt = e x p [ -  E(t, Ah)] [W(t, Ah)] , (75) 

where 

t 

E(2)(t, Ah) = 2~ F*(r)r(z, t)dz , (76a) 
0 

w(E)(t, Ah) = 2 i F*('c) dr G(t) dt , (76b) 
O 

t 

E(a)(t, Ah) = rc ~ F*(z)r2(z, t)dz , (77a) 
O 

1 

wta)(t, Ah) = 2re ~ F*(r) r(z, t) dz G(t) dt . (77b) 
O 

The distributions of distances from spherulite centers to 
spherulites inner points are expressed by the formulas: 

oo 

f(Z)(r, Ah)dr = 2 ~ F*(r )exp[- -  E(2)(t(r, z), Ah)] drdr  , 
0 

(78a) 
oo 

f(3)(r, Ah)dr = 2~r S F*(z)exp[--  E(3)(t(r, z),Ah)] d~dr .  
0 

(78b) 

Equations (74)-(76) and (78a) describe the spherulitic 
structure formation and its final pattern in infinite 1D 
sample - on a line, while Eqs. (74), (75), (77) and (78b) in 
infinite 2D sample [14-16]. Hence, if spherulite extended 
radius is much greater than the sample thickness the 
dimensionality of the crystallization process decreases. 

Conclusions 

It was demonstrated that the probabilistic approach based 
on the concept of nucleation process as randomly fluc- 
tuated in space and in time can be successfully applied to 
the description of isothermal as well as nonisothermal 
crystallization in samples of finite thickness. Crystalliza- 
tion in semiinfinite samples was also considered. It is 
possible to obtain the conversion degree as a function of 

time and the respective expressions for the isothermal 
crystallization are identical to those obtained from Avrami 
and Evans theory by Billon et al. [4] and Escleine et al. 
[18]. The presented approach makes possible to describe 
the formation of spherulitic structures during the course 
of crystallization by means of the rates of formation 
of spherulites interiors and to differentiate spherulites 
nucleated inside a sample and at a sample boundaries. 
This permits to evaluate the contributions of both 
spherulite populations to the conversion degree during 
the crystallization process. It is also possible to describe 
the final spherulitic pattern by means of distributions 
of distances from spherulite centers to their inner 
points. 

It was demonstrated that the presence of sample 
boundaries influences the crystallization process within 
a distance equal to spherulite extended radius (the integral 
of spherulitic growth rate calculated from the beginning 
of crystallization). The distribution of distances from 
spherulites centers to inner points of those spherulites is 
also afflicted by sample boundaries. It was shown that the 
sample can be treated as infinite only if the extended radius 
at the end of crystallization process is much smaller than 
half of the sample thickness. In contrast, a thin film can be 
treated as two-dimensional only when the extended radius 
is much greater than the sample thickness. In the absence 
of additional nucleation at sample boundaries the process 
of structure formation within a distance equal to the ex- 
tended radius from the boundary is slower than for infinite 
samples. If the influence of the opposite boundary can be 
neglected, the conversion degree at the sample boundary 
can be expressed as 1 - [1 - -  ~ i f ( t ) ]  q with q = �89 where ~ i f ( t )  

denotes the conversion degree of an infinite sample. It is 
easy to notice that at a corner of thin film and on an edge 
of bulk sample where two perpendicular boundaries meet 
q equals �88 while at corners of bulk samples q equals -~. 
Therefore, much slower structure formation in such 
areas could be expected. Hence, if primary nucleation 
is prolonged in time a larger number of spherulites will 
be nucleated. However, during crystallization of real 
samples those effects can be masked by the temperature 
gradient across a sample due to cooling and/or  by nuclea- 
tion at sample boundaries. The spherulites originating 
from surface nuclei grow on the account of those origin- 
ating in the interior of the material. They speed up 
the conversion within a distance equal to spherulite ex- 
tended radius. The effect appears even for weak intensity 
of nucleation at sample boundaries but increases with 
increasing intensity. The nucleation at sample boundaries 
influences also the final spherulitic pattern. In the 
above consideration only the flat parallel sample bound- 
aries were considered al though the present approach can 
be easily extended for the description of samples of any 
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shape. One  can expect, however ,  that  curva ture  of sample  
b o u n d a r y  can be s ignif icant  on ly  if its radius is of the order  
of the extended spherul i te  rad ius  at the respective m o m e n t  
of time. 
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